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This paper presents a reformulation of special relativity, whose kinematic and 
dynamic magnitudes are invariant under transformations between inertial and 
non-inertial reference frames, which can be applied in massive and non-massive 
particles, and where the relationship between net force and special acceleration 
is as in Newton’s second law. Additionally, new universal forces are proposed. 


Introduction 


The reformulation of special relativity presented in this paper is obtained starting from 
an auxiliary massive particle ( called auxiliary-point ) that is used to obtain kinematic 
magnitudes ( such as relational time, relational position, relational velocity, etc. ) that 
are invariant under transformations between inertial and non-inertial reference frames. 


The relational time (t), the relational position (r), the relational velocity (v) and the 


relational acceleration (a) of a particle ( massive or non-massive ) relative to an inertial 
reference frame S, are given by: 
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where (4, 7) are the time and the position of the particle relative to the auxiliary frame, 
(t, 7, 8, @) are the time, the position, the velocity and the acceleration of the particle relative 
to the frame S, (w) is the velocity of the auxiliary-point relative to the frame S, (c) is the 
speed of light in vacuum, and y = (1 — @- w/c?)~1/? (see Annex I) 


The auxiliary-point is an arbitrary massive particle free of external forces ( or that the net 
force acting on it is equal to zero ) The auxiliary frame is an inertial reference frame whose 
origin always coincides with the auxiliary-point (uv = 0 and y= 1) 


On the other hand, the relational frequency (v) of a non-massive particle relative to an 
inertial reference frame S, is given by: 


y= yt (5) 


where (v) is the ( ordinary ) frequency of the non-massive particle relative to the frame S, (@) 
is the velocity of the non-massive particle relative to the frame S, (7) is the velocity of the 
auxiliary-point relative to the frame S, and (c) is the speed of light in vacuum (see Annex II) 


Note : In arbitrary inertial reference frames ( tg # Ta. OF To # 0 ) ( a = auxiliary-point ) 
a constant must be add in the equation of relational time since the relational time and the 
proper time of the auxiliary-point must be equal ( ta = 7q ) and another constant must be 
add in the equation of relational position since the relational position of the auxiliary-point 
must be zero (ra = 0 ) 


Intrinsic Mass & Relativistic Factor 


The intrinsic mass (m.) and the relativistic factor ( f ) of a massive particle, are given by: 


Mm = Mo (6) 
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where (m,) is the rest mass of the massive particle, (v) is the relational velocity of the 
massive particle, and (c) is the speed of light in vacuum. 


The intrinsic mass (m) and the relativistic factor ( f ) of a non-massive particle, are given by: 


m= ae (8) 
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where ( fh ) is the Planck constant, ( v ) is the relational frequency of the non-massive particle, 
(«) is a positive universal constant with dimension of frequency, and (c) is the speed of 
light in vacuum. 


According to this paper, a massive particle is a particle with non-zero rest mass ( or a particle 
whose speed in vacuum is less than c ) and a non-massive particle is a particle with zero rest 
mass ( or a particle whose speed in vacuum is c ) 


Note : The rest mass (m, ) and the intrinsic mass (m) are in general not additive, and the 
relativistic mass (m) of a particle ( massive or non-massive ) is given by: (m = mf ) 


The Special Kinematics 


The special position (r), the special velocity (v) and the special acceleration (a) of a 
particle ( massive or non-massive ) are given by: 
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where ( f ) is the relativistic factor of the particle, (v ) is the relational velocity of the particle, 
and (t) is the relational time of the particle. 


The Special Dynamics 


If we consider a particle ( massive or non-massive ) with intrinsic mass (m) then the linear 
momentum (P ) of the particle, the angular momentum (L) of the particle, the net force 
(F) acting on the particle, the work (W ) done by the net force acting on the particle, and 
the kinetic energy (K ) of the particle, are given by: 
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where ( f, r, v, t, V, a) are the relativistic factor, the relational position, the relational 
velocity, the relational time, the special velocity and the special acceleration of the particle, 
and (c) is the speed of light in vacuum. The kinetic energy (K, ) of a massive particle at 
relational rest is (m,c?) since in this paper the relativistic total energy (E = T+ m,c?) 
and the kinetic energy (K = m fc?) are the same (E = K) 


Note : E?—P?c? = m? f? c4 (1—v?/c? ) | in massive particle: f? (1—v?/c?) =1 = E? — P?c? = m_?c4 
and m #0] & [in non-massive particle : v? = c? (1-v?/c?)=0 — E?—P?c? =0 and m#0] 


General Observations 


According to this paper, in the auxiliary reference frame relational magnitudes and ordinary 
magnitudes are always the same. 


The special acceleration a of a particle (massive or non-massive) is always in the direction 
of the net force F acting on the particle (as in Newton’s second law ) 


Finally, 


The intrinsic mass magnitude (m) is invariant under transformations between inertial and 
non-inertial reference frames. 


The relational magnitudes (v,t,r,v,a) are invariant under transformations between inertial 
and non-inertial reference frames (since these relational magnitudes are the proper (own) 
ordinary magnitudes of the auxiliary reference frame ) 


Therefore, the kinematic and dynamic magnitudes (f,r, v,a,P,L,F,W,K) are also invariant 
under transformations between inertial and non-inertial reference frames. 


The special dynamics can be applied in any inertial or non-inertial reference frame (and 
non-inertial observers must not introduce fictitious forces into F ) 


Therefore, the reformulation of special relativity presented in this paper is in accordance 
with the general principle of relativity. 


However, 


In this paper, starting from an auxiliary massive particle, we only obtained the form that 
the relational magnitudes (v,t,r,v,a) have in any inertial reference frame. 


Consequently, 
Starting from an auxiliary massive particle, we must obtain the form that the relational 
magnitudes (v,t,r,v,a) have in any non-rotating reference frame (non-rotating reference 


frame relative to an inertial reference frame ) 


Later, starting from an auxiliary system of massive particles, we must obtain the form that 
the relational magnitudes (v,t,r,v,a) have in any rotating reference frame (rotating reference 
frame relative to an inertial reference frame ) 
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Annex I 


Vector Lorentz Transformations 


If we consider two inertial reference frames ( S and S’ ) whose origins coincide at time 
zero ( in both frames ) then the time (t’), the position (7’), the velocity (v’) and the 
acceleration (@’) of a particle ( massive or non-massive ) relative to the inertial reference 
frame S’, are given by: 
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where (t, 7, v, @) are the time, the position, the velocity and the acceleration of the particle 
relative to the frame S, (i) is the velocity of the frame S’ relative to the frame S, (c) is the 
speed of light in vacuum, and y = (1 — @-@/c?)~1/? Note: ¥?/(y+1)2 =(y-1)/@ — @40 


Annex IT 
Transformation of Frequency 


On the other hand, the frequency (v’) of a non-massive particle relative to an inertial 
reference frame 8’, is given by: 
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where (v) is the frequency of the non-massive particle relative to another inertial reference 


frame S, (@) is the velocity of the non-massive particle relative to the frame S, (w) is the 
velocity of the frame S’ relative to the frame S, and (c) is the speed of light in vacuum. 


Annex III 
The Kinetic Forces 


The kinetic force K*, exerted on a particle i with intrinsic mass m; by another particle 7 
with intrinsic mass m,;, is given by: 


Ki = Meo a) (23) 


where a; is the special acceleration of particle i, a; is the special acceleration of particle j 
and M ( = 374" m.z ) is the sum of the intrinsic masses of all the particles of the Universe. 
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On the other hand, the kinetic force K¥ exerted on a particle i with intrinsic mass m; by 
the Universe, is given by: 
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where m, and a, are the intrinsic mass and the special acceleration of the z-th particle of 
the Universe. 


From the above equations it follows that the net kinetic force K; (= 0; " K{; + K} ) acting 
on a particle i with intrinsic mass m,, is given by: 


where a; is the special acceleration of particle 2. 


Now, from the special dynamics (15), we have: 


FEF; = ma; (26) 
Since (K; = —m, 4; ) we obtain: 

F; = —K; (27) 
that is: 

K; + F; = 0 (28) 


T, =0 (29) 


Therefore, if the net kinetic force K; is added in the special dynamics then the total force T; 
acting on a ( massive or non-massive ) particle i is always zero. 


au 
Note : According to this paper, the kinetic forces K are directly related to kinetic energy K. 


Annex IV 


Special Relativity 


A Reformulation with 


Relational Magnitudes 


A Reformulation with 


Ordinary Magnitudes 
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The (relational) special dynamics 
can be applied in any inertial or 
non-inertial reference frame (and 
non-inertial observers must NOT 
introduce fictitious forces into F ) 


The (ordinary) special dynamics 
can be applied in any inertial or 
non-inertial reference frame (and 
non-inertial observers must 
introduce fictitious forces into F) 


invariant = The magnitudes are invariant under transformations between 


inertial and non-inertial reference frames. 


not invariant = The magnitudes are not invariant under transformations 


between inertial reference frames. 


